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Abstract 

A locally convex Lie group G has the Trotter property if, for every 2:1,0:2 £ g, 
exp(t(xi + 12)) = lim ^ exp ^~Xi \ exp {^~ X ^S^ 

holds uniformly on compact subsets of R. All locally exponential Lie groups have this 
property, but also groups of automorphisms of principal bundles over compact smooth 
manifolds. A key result of the present article is that, if G has the Trotter property, 
7r: G — ¥ GL(V) is a continuous representation of G on a locally convex space, and v € V 
is a vector such that d7r(a;)ii := ^|t=o7r(expia;)v exists for every x € g, then the map 
— ¥ Vj x 1 — ¥ dn(x)v is linear. 

Using this result we conclude that, for a representation of a locally exponential 
Frechet-Lie group G on a metrizable locally convex space, the space of C fe -vectors co- 
incides with the common domain of the fc-fold products of the operators d7r(a;). For 
unitary representations on Hilbert spaces, the assumption of local exponentiality can be 
weakened to the Trotter property. 

As an application, we show that for smooth (resp., analytic) unitary representations 
of Frechet-Lie supergroups (G, g) where G has the Trotter property, the common domain 
of the operators of g = © g- can always be extended to the space of smooth (resp., 
analytic) vectors for G. 

Keywords: infinite dimensional Lie group, representation, differentiable vector, smooth 
vector, analytic vector, derived representation, Lie supergroup, Trotter property. 
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Introduction 

Let G be a Lie group modeled on a locally convex space. Assume that G has a (smooth) 
exponential function exp G : L(G) = g —> G, so that every smooth one-parameter group of 
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G is of the form j x (t) := exp G (ta) for some x £ L(G). For every continuous representation 
7r: G — > GL(V^) of G on a locally convex space V, set 

. d 



|u € V: — ^ir(exp G tx)v exists |. 



Thus, T> x is the domain of the infinitesimal generator 

d 



dTr(x)v . 

at 



t=o 



n(exTp G (tx))v 



of the one-parameter group 7r(exp G (ta)). Let D 1 := Hxgg D x be the common domain of these 
operators. Clearly, each vector v with a continuously differentiable orbit map (a C 1 -vector) 
is contained in 2? , but the converse problem turns out to be a tricky question. The main 
difficulty is to establish that, for ueP 1 , the map 

u„ : q — > V, x i y dir(x)v 

is linear and, if this is the case, and w v is continuous, to show that this implies that v is a 
C 1 -vector. As we have seen in |NelOj . the latter problem can be solved rather easily if G is 
locally exponential, but in practice this assumption appears rather strong because it is not 
satisfied for groups of diffeomorphisms. With respect to the linearity of ui v , we managed to 
show in |NelO| Thm. 2.8] that ui v is linear if G is a Banach-Lie group and V is a Banach space. 
To achieve this result, we had to build on quite involved results of Neklyudov ( |Nek08| ). 

In the present note we obtain much more satisfactory solutions to both problems with 
rather direct proofs. The key to our new approach is the recent paper [BBllj by I. and 
D. Beltit;a, where they address the linearity problem for lu v in the context of topological 
groups. In Section [21 we show that their approach can actually be carried much further to 
obtain our Theorem \2.7\ which asserts that for a Lie group G with the Trotter property, 
and a continuous function ip : G — > V (where V is a locally convex space), if the derivatives 
D x (p(g) := 4t \t=o<p(g"/x(t)) with respect to all one-parameter groups j x , x € g, are continuous 
maps, then the map x D x ip is linear. 

That a Lie group G has the Trotter property means that, for X\,X2 G 0, 

exp G (t(xi +x 2 )) = Jirn^ ( exp G (-^l) exp G (-#2)) 

holds uniformly on compact subsets of K. The main advantage of this property is that the 
class of Lie groups with this property contains all locally exponential Lie groups (hence all 
Banach-Lie groups), groups of automorphisms of principal bundles over compact smooth 
manifolds (in particular, diffeomorphism groups of compact smooth manifolds), and direct 
limit Lie groups (see Section [3]). 

Theorem 12.71 turns out to be just the right tool to deal with differentiable vectors in 
continuous representations of Lie groups. Combining it with the techniques developed in 
[NelOj . we show in Section 2] that, for a continuous representation of a locally exponential 
Frechet-Lie group on a metrizable locally convex space, V 1 coincides with the space of C 1 - 
vectors, and there is a similar characterization of C fc -vectors (Theorem I4.10p . This already 
generalizes the corresponding Banach results from [NelO considerably with substantially 
simpler proofs. 
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In Section [5] we turn to the special class of unitary representations which are differentiable 
in the sense that the space of C 1 -vectors is dense. For these we can weaken the assumption 
of local exponentiality to the Trotter property. Namely, for any Frechet-Lie group G with 
the Trotter property, we obtain the natural characterization of the space of C fc -vectors as the 
common domain of the fc-fold products of the operators d.7r(a;), x E q (Theorem 15. 3ft . 

In Section [B] we apply all this to unitary representations of Lie supergroups (G, g), which 
we consider as a pair consisting of a Lie superalgebra g = 0q®0T an( i a Lie group G whose Lie 
algebra is the even part q-q of g (sec [CCTV06 ). A crucial difficulty in dealing with unitary 
representations of Lie supergroups is the specification of the common domain of the operators 
corresponding to the odd part gy (see [CCTV06] and [MNSllj for a detailed discussion). For 
the large class of Frechet-Lie supergroups where G has the Trotter property, we roughly 
show that, if the representation of G is smooth, resp., analytic, the common domain of the 
operators of g = g^ © fly can always be extended to the space of smooth, resp., analytic 
vectors for G. This generalizes the respective stability results for Banach-Lie supergroups 
from [MNSllj and for finite-dimensional Lie supergroups from |CCTV06] , We thus obtain 
a natural context for a global unitary representation theory for Lie supergroups modeled on 
Frechet spaces, which applies in particular to diffeomorphism groups and gauge groups. 
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1 Locally convex Lie groups 

In this section we briefly recall the basic concepts related to infinite-dimensional Lie groups. 
Throughout these notes all topological groups and vector spaces are assumed to be Hausdorff. 

Definition 1.1. (a) Let E and F be locally convex spaces, U C E open and /: U — > F a 
map. Then the derivative of f at x in the direction h is defined as 



df(x)(h) := {d h f)(x) := j t 



t=Q f(x + th) = lim + th) - f(x)) 
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whenever it exists. The function / is called differentiable at x if df(x)(h) exists for all h € E. 
It is called continuously differentiable, if it is differentiable at all points of U and 

df-.UxE^F, (x,h) ^ df(x)(h) 

is a continuous map. Note that this implies that the maps df(x) are linear (cf. |GN121 
Lemma 2.2.14]). The map / is called a C k -map, k £ NU {oo}, if it is continuous, the iterated 
directional derivatives 

d-flruh. hj) := (d hj ---d h J)(x) 

exist for all integers 1 < j < k, x € U and hi, . . . , hj £ E, and all maps d- 5 / : U x E^ — » F 
are continuous. As usual, C°°-maps are called smooth. 

(b) If E and F are complex locally convex spaces, then / is called complex analytic if 
it is continuous and for each x £ U there exists a O-neighborhood V with x + V C U and 
continuous homogeneous polynomials f3k '■ E — > F of degree k such that for each h E V we 
have 

oo 

f(x + h)=J20 k (h), 

k=0 

as a pointwise limit ( |BS71] V The map / is called holomorphic if it is C 1 and for each x G U 
the map df(x) : E —> F is complex linear (cf. |Mil841 p. 1027]). If F is sequentially complete, 
then / is holomorphic if and only if it is complex analytic ([BS7TJ Ths. 3.1, 6.4]). 

(c) If E and F are real locally convex spaces, then we call a map / : U — > F, U C _E 
open, rea/ analytic or a C"-map, if for each point x £ U there exists an open neighborhood 
V C Ec and a holomorphic map /c : -> Fc with fc\unv = f\unv (cf. |Mil84) b The 
advantage of this definition, which differs from the one in [BS71] , is that it also works nicely 
for non-complete spaces. Any analytic map is smooth, and the corresponding chain rule 
holds without any condition on the underlying spaces, which is the key to the definition of 
analytic manifolds (see |G102j for details). 

Once the concept of a smooth function between open subsets of locally convex spaces is 
established (cf. [Ne06] . |GN12j V it is clear how to define a locally convex smooth manifold. A 
(locally convex) Lie group G is a group equipped with a smooth manifold structure modeled 
on a locally convex space for which the group multiplication and the inversion are smooth 
maps. We write 1 £ G for the identity element. Then each x £ T 1 (G) corresponds to a 
unique left invariant vector field xi with x/(l) = x. The space of left invariant vector fields 
is closed under the Lie bracket of vector fields, hence inherits a Lie algebra structure. In 
this sense we obtain on g := Ti(G) a continuous Lie bracket which is uniquely determined 
by [x,y] = [xi,yi](l) for x,y £ g. We shall also use the functorial notation L(G) := (q, [•, •]) 
for the Lie algebra of G. The adjoint action of G on q is defined by Ad (3) := T\(c g ), where 
c g (x) — gxg^ 1 is the conjugation map. The adjoint action is smooth and each Ad(g) is a 
topological isomorphism of g. If g is a Frechet, resp., a Banach space, then G is called a 
Frechet-, resp., a Banach-Lie group. 

A smooth map exp G : g — > G is called an exponential function if each curve j x (i) := 
exp G (tx) is a one-parameter group with 7^.(0) = x. The Lie group G is said to be locally 
exponential if it has an exponential function for which there is an open O-neighborhood U in 
g mapped diffeomorphically by exp G onto an open subset of G. If, in addition, G is analytic 
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and the exponential function is an analytic diffcomorphism in a O-neighborhood, then G is 
called a BCH-Lie group (for Baker-Campbell-Hausdorff). The class of BCH-Lie groups 
contains in particular all Banach-Lie groups f |Ne061 Prop. IV. 1.2]). 

2 Linearity of differentials 

The main result of this section is Theorem 12.71 It extends |BB11[ Thm. 2.5] in the sense 
that it weakens the necessary assumptions considerably and thus makes it much simpler to 
apply. Its main application is that, for a continuous representation of the Lie group G (with 
the Trotter property) on a locally convex space V and an element u£F for which lo v (x) := 
^|t=o 7r (expte)v exists for every x £ L(G), the map u) v : q — > V is linear (Theorem I4.6[) . 
For continuous representations of Banach-Lie groups on Banach spaces this was known from 
|NelO( Thm. 8.2], but the proof used quite involved results of Neklyudov ( Nek08 ) which 
are now bypassed. Therefore our results also provide a considerable simplification of the 
arguments for Banach-Lie groups. 

Let SCI and G be a topological group. We say that a sequence of functions j n : S — > G 
is uniformly convergent to 7 : 5 — > G if for every 1-neighborhood U C G there exists an 
N > 1 such that j n (s) £ j(s)U for every s £ S and every n > N. If the maps 7„ : S — » G 
are continuous then 7 is continuous as well. If, in addition, S is compact, then the definition 
is symmetric, that is, for every 1-neighborhood U C G there exists an N > 1 such that 
7„(s) £ U^f(s) for every s £ S and every n > N. 

Definition 2.1. (cf. |BBllj ) (a) Let G be a topological group and 2(G) := Hom(E, G) denote 
the set of continuous one-parameter groups. We endow this set with the topology of uniform 
convergence on compact subsets of R. For X, Xi, X2 € 2(G) we say that X = X\ + X2 if 

holds uniformly in t on compact subsets of R. 

(b) We say that a Lie group G has the Trotter property if it has a smooth exponential 
function and the one-parameter groups ^ x (t) ■— exp(te), x £ L(G), satisfy ^ Xl +x 2 — 7an +Jx 2 
in the sense defined above, i.e., 

exp(t(xi + x 2 )) = lim f exp f — xA exp f — X2] ) 

n— >oo \ Vn / \n I / 

uniformly on compact subsets of R. 

Lemma 2.2. Let G be a topological group and 7„ : / = [0, 1] — > G be a sequence of continuous 
curves converging uniformly to a limit curve 7. Then 

00 

7(2)U (J 7n (J) 

n=l 

is a compact subset of G. 
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Proof. Let X := Y x I, where 7:= {0}U{i:neN}C R. Then Y is compact, and therefore 
X is a compact subset of M 2 . The map F: X — > G defined by 

17(f) for s = 

is continuous, and therefore its image is a compact subset of G. □ 

Lemma 2.3. Let G and H be topological groups, K C G be a compact subset and f: G — > H 
continuous. Then f is uniformly continuous on K in the following sense: For every 1- 
neighborhood Uh in H there exists a 1-neighborhood Uq in G such that 

(Vas € K) f(xU G ) C f(x)U„. 

Proof. The map 

F:KxG^H, F{x, z) := fix)- 1 f(xz) 

is continuous, so that the inverse image F^iU^) of the interior of Uh is an open 
subset of K x G containing K x {1}. Hence there exists an open subset Uq Q G with 
K xU G <ZF- l {U%). □ 

Definition 2.4. ([BB11, Def. 2.1]) Let G be a topological group and V be a locally convex 
space. For <p; G —> V, X € £(G), and g £ G, we write 

(^ )(5 ) = lim^M^M (2) 

whenever the limit on the right-hand side exists. 

The next Lemma is a more accurate version of |BB11( Prop. 2.2]. We denote the space 
of continuous maps from G into V by C(G, V). 

Lemma 2.5. Let G be a topological group, V be a locally convex space and ip G C(G,V). 
Then the following assertions hold: 

(i) Let X £ £(G) and n > 1 be such that the function D\ip is defined and continuous. For 

every g £ G and t € M we then have 

n fj 

ip{gX{t)) = ]T -(D^){g) + t n X ?(g,t) 
j=0 J ' 

where X\ '■ G x M — > V is continuous with Xi (dt 0) = 0. 

(ii) If Xi,X 2 £ £{G) are such that Dx 1 <p and F>x^ are defined and continuous, then 

^(gX 1 {t)X 2 (t))=^(g)+t((D Xl +D X2 )<p)(g)+t X2 {g,t) for (, 9 ,f)eGxM, 
where X2 '■ G x R — > V is a continuous function satisfying Xi{9i 0) = 0. 
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Proof, (i) The Taylor formula leads to the asserted identity with the remainder term 
xf (9,*) = ^^yy | ((1 - sT-^D^igXits)) - ±(D n x cp)(g)) ds 

which is continuous onGxM because the function D x (p is continuous. 

(ii) First we use (i) to obtain a continuous function xf 2 onGxi vanishing in (g, 0) and 
satisfying 

<p(gX 2 (t)) =v(g)+t(D X2 <p)(g)+t X ? 2 (g,t) for (g, t) £ G x M. 
This leads immediately to 

i P (gX 1 (t)X 2 (t)) = V >(gX 1 (t)) +t(D Xa <p)(gX 1 (t)) +t X ? 2 (gX 1 (t),t). 
From (i) we also obtain a continuous function Xi 1 onGxi vanishing in (g, 0) and satisfying 

<p(gXi(t)) = Lp(g)+t(D Xl <p)(g)+t X ? 1 (g,t) for (g,t) £ G x R. 
By plugging this formula into the previous one, we get 

<p(gXi(t)X 2 (t)) = <p(jg) + t(D XlV )(g) + t{D X2 y){g) + t X2 (g, t), 

where 

X2 (9, t) = (D X2 <p) {gX 1 (t) ) - (D X2 <p) (g) + X f 1 (ff , *) + xf 2 (ff^i (*) , t) 
is a continuous function onGxi vanishing in all pairs (5,0). □ 

Based on the preceding lemma, we obtain Lemma 12.61 below, which is a sharpening of 
(BBlll Lemma 2.3]. Here the main point is that Lemmas 12.21 and 12.31 permit us to draw 
stronger conclusions from the proof given in [BB11 . 

Lemma 2.6. Let G be a topological group and V be a locally convex space. Let X,X\,X 2 £ 
£(G) with X = X\ + X 2 and <p G C(G,V) be such that D Xl tp and D X2 ip exist and are 
continuous. Then D x tp also exists and satisfies 

D x ip = D Xl ip + D X2 ip. (3) 

Proof. For ielwc put j(t) = Xi(t)X 2 (t). Fix g € G. We have to show that D x tp is 
defined in go and satisfies 

(D x <p)(g ) = (D Xl <p)(g ) + (D X2 <p)(g ). (4) 

To this end fix an arbitrary continuous seminorm | • | on V and let e > be arbitrary. Since 
the functions D Xj ip are continuous for j = 1,2, there exists an open 1-neighborhood U in G 
such that 

(Vg € U) \((D Xl + D X2 ) V ){g Q g) - ((D Xl + £>x»(so)| < |. (5) 

Let Si > be such that X(t) £ U for —Si <t<Si. By using (QJ with uniform convergence 
on the interval [— we obtain an ni £ N such that if n > m and —Si < t < St, then 
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7(i/ n )™ G U. There also exists a 82 G (0, Si) such that for n = 1, . . . , m and —(52 < t < 82 
we have j(t/n) n G J7. Therefore 
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0" 



G Z7 if - 8 2 < t < 62 and n G N. 



If 1 < k < n and \t\ < 82, then \{k/n)t\ < |i| < 82, so that we also obtain 

t\ k /(k/n)t\ k 



According to Lemma T2.21 the set 



C := 



X([-S 2 ,5 2 ])U |J {7Q": 



g cr. 



- <J 2 < t < 82 



is compact. Note that we then also have r y(t/n) k G C for < k < n and \t\ < 82- Therefore 
the continuity of \i m Lemma I2.5f ii) implies the existence of £3 G (0, 82) such that, for 
x G goC and < \t\ < S3, we have 

l M X1 {t)) - ip(x)) - ((D Xl + D X2 )<p)(x) 



|X2 {x,t) I 



< 



(0) 



This allows us to use (|5|) in order to show that if < |i| < S3 and n G N, then 



< 



n * — 'I V \n 

fc=i 

, n n 
1 x ^ £ 1 x - 

n ^~9 + n ^ 



t\ k - 1 

n 



{{D Xl +D X2 ) V )(g ) 



n ^ 2 

k=l 



n ^ 2 



Since ^ is continuous, we have limn^oo ip(g^(t/n) n ) = ip(goX(t)) in V. The above estimates 
thus lead for < \t\ < S3 to 



(<p(g X(t)) - <p(g )) - ((D Xl + D X2 )<p)(g ] 



< e. 



Since | • | is an arbitrary continuous seminorm on the Hausdorff locally convex space V, it 
follows that D X (p exists in go and that Q is satisfied. □ 

The following theorem extends ! BB11[ Thm 2.4] in the sense that it applies to all contin- 
uous functions G — > V , which facilitates the application of this theorem considerably. 

Theorem 2.7. Let G be a Lie group with the Trotter property. Then, for every locally 
convex space V and tp G C(G, V) for which D x ip := D~ u ip exists and is continuous for every 
x G L(G) ; the map 

L(G)->C(G,F), x^D xV 

is linear. 
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3 Examples of groups with the Trotter property 

An important point of the Trotter property is that almost all natural classes of infinite- 
dimensional Lie groups have this property, even if they are not locally exponential, such as 
groups of diffeomorphisms. 

Lemma 3.1. Let G and H be topological groups, f : G — > H be a continuous map, and 
7 n : I = [0, 1] — > G be a sequence of continuous curves converging uniformly to a limit curve 
7. Then the sequence f o j n converges uniformly to f o 7. 



Proof. The set K := 7(1) is compact and the statement follows from Lemma [2731 □ 

Lemma 3.2. Let G be a topological group and 7 : R — > G be a continuous curve with 
7(0) = 1. Set 

/ t \ U 

7„ :K->G )7n (t) :=7(-J ■ 

Assume that there exists an e > such that the sequence (7n|[- e , e ])^Li converges uniformly. 
Then (7 n )5£Li converges uniformly on compact subsets o/R. 

Proof. It suffices to show that the sequence (7 n )^_ 1 converges uniformly on [— 2e, 2e], since 
one can iterate the argument. Define 

r] : [-£,£] G, i](t) := lim j n (t) 

n— too 

and observe that 

t\ 2 



72n(*) = Tn^) 



Since the square map / : G — > G, g 1— > g is continuous, from Lemma 13.11 it follows that 
the sequence (j2n)^Li converges uniformly on [— 2e, 2e] to the curve t 1— > ?7(|) ■ A minor 
modification of the above argument proves that (72^+1)^0 a l so converges uniformly on 
[— 2e, 2e] to the same curve. In fact, 

/ t \ 2 "+i / t \ nt 

72n+lW = 7 l2^TlJ =7 l2^J 7 " (Mi))2 ' whcrc M * ):= 2^TT (7) 

Since 7(0) = 1, the curves t i-> l( 2 n+i ) converge uniformly on [— 2e, 2e] to the constant 
function with value 1. The curves {"f n o h n )^L converge uniformly on [— 2e, 2e] to 
Since the map (x:GxGxG—^G defined by )i(x,y,z) := xyz is continuous, Lemma 13.11 
implies that (7211+1)^0 converges uniformly on [— 2e, 2e] to rj(^) . □ 

The following proposition provides a criterion for a Lie group to have the Trotter property. 
We shall see below that it is crucial to verify that certain groups of diffeomorphisms have the 
Trotter property. 

Proposition 3.3. Let G be a Lie group with a smooth exponential map. Assume that, for 
every x\,x 2 £ L(G), there exists an e > such that 



exp(t(xi + X2)) = lim f exp f — xi) exp f — x 2 ] S ) (8) 



t \ ft 
—x\ exp I — . 

*n / \n 

holds uniformly on [— e, s] . Then G has the Trotter property. 
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Proof. Setting 7 : R — > G , ^(t) :— e tXl e tX:s in Lemma \3 . 2 1 implies that the right hand side of 
([8]) is uniformly convergent on compact subsets of K to a map r\ : R — > G. For every t e 1 
and 7„(i) := 7(£)" we have 

n{2t) = lim 72 „(2i) = lim ln {tf = 7 ? (i) 2 . 

n— >-oo n— >oo 

Since r?(i) = exp(t(x 1 + x 2 )) for t £ [—e,e], it follows that r/(t) = exp(t(x 1 + x 2 )) for every 

tel. ~ ' □ 



Covering groups 

Since the condition in Proposition l3 . 3l is local, we immediately obtain the following statement. 

Corollary 3.4. If qQ \ G — > G is a covering morphism of Lie groups, then G has the Trotter 
property if and only if G has the Trotter property. 

Locally exponential groups 

Proposition 3.5. Every locally exponential Lie group has the Trotter property. 
Proof. Let G be a locally exponential Lie group and x, y £ g — L(G). Then 

7 : R -> G, j(t) := e tx e ty 

is a smooth curve. Since G is locally exponential, there exists an e > and a smooth 
curve (3: [-e,e] q with 7(i) = e^*' for \t\ < e. Then x + y = j'(0) = /3'(0) follows 
from To(exp) = id. By Taylor's formula f3(t) = t5(t) for a continuous function 8 on [— e, e] 
satisfying 6(0) = (3'(0). Then 

converges uniformly on every compact subset of R to the curve rj(t) := t(x + y). Considering 
as a topological group, Lemma \3. II implies that the sequence j n = expo/3 n converges 
uniformly on compact subsets of R to expor;. □ 

Example 3.6. Proposition 13.51 implies that mapping groups, and in particular loop groups, 
have the Trotter property. If M is a compact manifold and if is a locally exponential Lie 
group with the Lie algebra f , then it follows from [Ne06| Th. IV.1.12] that, for r £ N U {00}, 
the mapping group C r (M,K) is a locally exponential Lie group with Lie algebra C r (M, ?). 
Note also that central extensions of locally exponential Lie groups are locally exponential by 
[Ne06l Th. IV.2.11]. 

Diffeomorphism groups 

Our next goal is to prove that groups of automorphisms of principal bundles on compact 
smooth manifolds have the Trotter property. To this end, we begin by a closer look at the 
topology of these groups. 
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If X,Y are topological spaces, then we write C(X,Y) for the space of continuous maps 
X — > Y, endowed with the compact open topology. Suppose that X is locally compact. Then 
the group Homeo(X), endowed with the topology inherited from the embedding 

HomcopO ->■ C(A,A) 2 , ip h-> (tp, ip- 1 ), 

is a topological group ( Str06i Cor. 9.15]). If, in addition, X is a C fc -manifold for some k G N, 
then we endow the group Diff fc (Af) of C fe -diffeomorphisms with the group topology inherited 
from the embedding 

T k : Diff fc (A) ->• Homeo(T fe (A)), tp h> T k {ip). 

This topology is called the modified compact open C k -topology. If X is a smooth manifold, 
then we endow the group Diff(X) = Diff°°(X) with the group topology inherited from the 
embedding 

Diff(X) -> J] Homeo(T fc (A)), tp ^ (T k (cp)) keNo 

fcGNo 

where N := {1,2,3,...} and No = N U {0}. This topology is called the modified smooth 
compact open topology. 

In general, this topology does not turn Diff (A) into a Lie group. A typical example is 
the disjoint union X = UneN^ 1 of infinitely many circles (in this case the group Diff (A) 
contains the compact group T N as a topological subgroup, and this is not compatible with a 
manifold structure). However, there are many important cases where topological subgroups 
of Diff (X) actually carry natural Lie group structures. 

Examples 3.7. The following groups carry Lie group structures compatible with their mod- 
ified smooth compact open topology. 

(a) If M is a compact manifold, then Diff (M) carries a natural Lie group structure 
( |Ha82j ). |Mil84j . [Ne06] ). From the smoothness of the action of the Lie group Diff(Af) on 
M, one easily derives that the modified smooth compact open topology is coarser than the 
Lie topology, but the construction of charts for the manifold structure on Diff (M) (sec [Nc06, 
Ex. II. 3. 14]) easily implies that the two topologies coincide. 

(b) The group Aut(P) = T)iS(P) K of automorphisms of a principal A-bundlc q: P — ► M 
over a compact smooth manifold M . It is a Lie group extension of the Lie group Diff (M) by 
the gauge group Gau(P) ( [Wo07j . [ACMM89] ). 

(c) The group Aut(V) of automorphisms of a vector bundle over a compact smooth 
manifold can be identified with the automorphism group of the corresponding frame bundle 
Fr(V), which is a principal GL(y)-bundle. Therefore (b) applies to Aut(V). 

(d) The higher tangent bundles T k (M) of a compact smooth manifold carry natural 
bundle structures, which, for k > 1, are not vector bundles. They are multilinear bundles 
(cf. |Be08l Sect. 15]). This implies that they are also associated to a principal K- bundle 
qp : P — > M , where if is a finite-dimensional Lie group of polynomial diffeomorphisms of 
the fiber, such that Aut(T fe (M)) = Aut(P). As in (c), we thus obtain on Aut(T fe (M)) a Lie 
group structure from (b). 

Remark 3.8. Let V(M) denote the space of smooth vector fields on the smooth mani- 
fold M. If X € V(M) is complete, we write ($^)j g R for the corresponding smooth flow. 
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Then the smoothness of the flow map $ x : R x M — > M and $ x t = ) 1 implies that 
& x : R — » Diff (M) is a continuous one-parameter group with respect to the modified smooth 

compact open topology. Here we use that the induced flow T (3>j ) = <& t on T (M) is 
also smooth. 

If M is compact, then V(M) = L(Diff(M)) is the Lie algebra of the group of all diffco- 
morphisms of M and the exponential function is given by the time-l-flow exp(A) = <$> x . 
Note that the compactness of M implies that every vector field on M is complete. 

Similarly, the Lie algebra aut(P) of the automorphism group Aut(P) of a principal K- 
bundle over M is the Lie algebra V(P) K of A-invariant vector fields. All these vector fields 
are complete and exp(A) = $ x defines the exponential function aut(P) — > Aut(P). 

Remark 3.9. (a) For the following we recall from Theorem 1 in [Bou89l Ch. 2, §4.1] that 
every compact space X carries a unique uniform structure compatible with the topology. 

(b) We also recall that, for a locally compact space X and a uniform space Y, on C(X, Y) 
the topology of uniform convergence on compact subsets coincides with the compact open 
topology (cf. |Bou74l Ch. 10]). 

(c) Putting both pieces together, we see that, if A is a compact space and Y a com- 
pact subset of a topological space Z, then the compact open topology on the subspace 
C{X, Y) C C(X,Z) coincides with the topology of uniform convergence. This means that, 
for a sequence f n : X — > Z of continuous map for which UngN /«(^0 nas compact closure Y, 
uniform convergence in C(X, Y) is equivalent to convergence in C(X, Z) in the compact open 
topology. 

Lemma 3.10. Let M be a smooth manifold and X, Y G V(M) be complete vector fields for 
which X + Y is also complete. Then for each compact subset C C M there exists an e > 
such that 

$f+^= hm Uf /n o^ /n Y (9) 

holds uniformly on \t\ < e, where both sides are considered as functions from R into C(C, M), 
endowed with the compact open topology. 

Proof. From |Nel69| §4, Th. 1] it follows that, every point mo £ M has a neighborhood V for 
which there exists an ey > such that j n (t) := (&f/ n ° ^t/ n ) converges to $ X+Y uniformly 
on V and for \t\ < Ey Covering C with finitely many such neighborhoods V\, . . . , Vn, we 
put e := minjeyj, . . . ,sy N }- For \t\ < e and on C, both sides of (O attain values in some 
compact subset D C M. By Remark 13.91 the topology of uniform convergence on C(C,D) 
coincides with the compact open topology induced from C(C, M). □ 

Theorem 3.11. Let K be a finite- dimensional Lie group and q: P — > M be a smooth 
K-principal bundle over the compact smooth manifold M. Then the Lie group Aut(P) = 
Diff(P)^ of bundle automorphisms has the Trotter property. 

Proof. Let A, Y e OUt(P) = V(P) K . We have to show that 

$f+^= Km feo$f /n )" (10) 

n— too \ ' 'J 
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holds uniformly on compact subsets of K with respect to the modified smooth compact open 
topology on Aut(P). We thus have to show that, for every r £ No, we have 

uniformly on compact subsets of M in the topological group Homeo(T r (P)) with respect to the 
modified compact open topology. Here T r (X): T r (P) — > T r+1 (P) denotes the canonical lift 
ofXe aut(P) to a smooth vector field on T r {P) which generates the flow T r (<f>f) = $f 
on T r (P). 

From Lemma \3. 101 it follows that, for every compact subset C C P, there exists an e > 
such that 

**+ y | c = lim feo$f /n 

holds uniformly on [— e, e] in the space C(C,P), endowed with the compact open topology. 
Since M is compact, there exists a compact subset C C P whose interior C° satisfies qp(C°) = 
M. We now have P = C° ■ K, and for every compact subset C C P there exists a finite 
subset F C K with C CC ■ F. This implies that 

actually holds uniformly on [— e, e] in C(P,P). 

For r£l, let C r C T r (P) be a compact subset which is a neighborhood of C in T r (P) 
(recall that CCPC T r (P)). According to Lemma T3. 101 there exists an e r > such that 

holds uniformly on [— e r ,e r ] in the space C(C r ,T r (P)), endowed with the compact open 
topology. As above, we see that the same statement holds with C := (C')° ■ K instead of 
C r (here we use the canonical lift of the if- action on P to T k (P)). This is an open subset 
of T r (P) containing the canonical image of P. As T r (P) is associated to a principal bundle 
with some structure group H over P (cf. Example 13. 7f d)) and the maps T r (ip), ip € Diff(P), 
are bundle automorphisms, it follows with a similar argument as above, applied to the flows 
on the corresponding principal iJ-bundle, that actually 



holds uniformly on [— e r ,e r ] in the space C(T r (P),T r (P)), endowed with the compact open 
topology. 
Since 

V * I -t y -t/n -t/n J ' 

we can also apply the preceding argument with X and Y exchanged to see that, for some 
< e' r < e r , we have uniform convergence in [— e' r ,e' r ] of (TT2|) with respect to the modified 
compact open topology on the group Homeo(T r (P)). Lemma [3T2l now implies that (|T2t holds 
uniformly on compact subsets of R. □ 

Corollary 3.12. If M is a compact smooth manifold, then the Lie group Diff(M) of smooth 
diffeomorphisms of M has the Trotter property. 



13 



Direct limits 

Example 3.13. If G is the direct limit of a sequence (G n ) of finite-dimensional Lie groups 
and injective homomorphisms G n <->• G n+ \, then L(G) is isomorphic as a topological Lie 
algebra to the corresponding direct limit of finite-dimensional Lie algebras L(G„) and G has 
the Trotter property (cf. [Gl05l Prop. 4.6]). 

Semidirect products 

Let V be a complete locally convex space, G a Lie group with a smooth exponential function 
and a : G — > GL(V) be a homomorphism defining a smooth action of G on V, so that we can 
form the semidirect product Lie group V X a G. This Lie group has a smooth exponential 
function, given explicitly by 

exp(u, x) — ((3(x)v, exp G (x)) with (3(x) = / a(exp G (sx)) ds 

Jo 

C [Ne06l Ex. II.5.9]). 

Proposition 3.14. If G has the Trotter property, then so does H := V X a G. 

Proof. Let X = (u,x),Y = (w,y) E L(_ff) = V xi g, z := x + y, and consider the smooth 
curves 

T(t) := exp(iX) exp(ty) and T n (t) := T(t/n) n 
in 7J. In terms of the semidirect product structure, we write T(t) = (5(t),"f(t)) where 

5(t) — tj3{tx)u + a(exp G (tx))tf3(ty)w and ^(t) = exp G (te) exp G (ty). 

If G has the Trotter property, then 7„(£) = j(t/n) n converges uniformly on each compact 
interval in R to exp G (te), the second component of exp(t(X +Y)), To see what happens in 
the first component, we note that 

7n(*) - (S(t/n), 7 (t/n)Y = (i? n (t)r^(i/n), 7 (i/n) n ), 

where 

B n {t) = i (l + a( 7 (*/n)) + • • • + a( 7 (i/ri))"- 1 ) . 

Next we observe that i5: K — > y is a smooth curve with 6(0) = and 8'(0) = u + w. 
Therefore n5(t/n) converges uniformly on compact subsets of K to t(u + w). It therefore 
suffices to show that, on compacts subsets Gy C V, we have 

B n (t) -> f3(t(x + y)) = (3(tz) = ( a(exp G (stz))ds. 

Jo 
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Fix T > 0. Writing 

B n (t)v — 0(tz)v = B n (t)v — / a(exjp G (stz)) ds 

Jo 



H — exp G (~ z ) J a ( ex PG( s ^ z )) v 



we see that the second summand converges to because it describes a Riemann sum approx- 
imation of the integral f3(tz)v, which converges uniformly for \t\ < T and v G Gy. 
By Lemma [2721 for every compact subset C C V, the set 

{a(7„(t))«: «GC,|t| <7>eN} 

has compact closure C which contains also the elements a(exp G (£z))u, v G C, \t\ < T. 

Now let p: V — > M be a continuous seminorm and C C V be a compact subset. Then 
for every e > there exists a 1-neighborhood U — U e ,c Q G such that p(a(g)c — c) < e for 
.9 G U e<c , ceC. 

Since 7„(t) — > exp G (te) uniformly on [— T, T], for each 1-neighborhood U C G there exists 
an element iVj/ G N such that 

ln(t) G J7 exp G (iz) for n > A^y, |t| < T. 

For < j < n we then have 

y(t/n) j = 1 {tj/nj) :i = j j (tj/n) G t/ exp G (^-zj for j > N v . 

For j > Njj we thus obtain for »eC the estimate 

p^a(7(t/n)) J w — a(exp G (— < e 

and therefore 

p(--(^2a(j(t/n)) j v - a(exp G (-*))«) < — 2supp(C) + n ~ Nu £ < 2e 

if n is sufficiently large. This proves that B n (t)v — > j3(tz)v uniformly for |t| < T and v £ C 
and hence that = V x Q G has the Trotter property. □ 

Regular Lie groups 

For the definition and properties of G°-regularity, which are used in the next theorem and 
its proof, see Appendix [Bj 
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Theorem 3.15. Suppose that G is a C° '-regular Lie group with the Trotter property and that 
q: G — > G is a central extension by a C° -regular abelian Lie group Z with Lie algebra 3 (f.i., 
Z = 3/T where 3 is complete and T C 3 is a discrete subgroup). Then G also has the Trotter 
property. 

Proof. Since C°-regularity is an extension property by Theorem IB.71 the group G is C°- 
regular. We want to show that G also has the Trotter property. So let x, y € 0, x := h(q)x 
and y := L(g)y. We also put 2: := x + ?/ and z :=x + y. We consider the smooth curves 

j(t) := expg(tx) expg(iy) and 7(i) := exp G (» exp G (ty) = g(7(*))- 

To see that 7 n (i) '■= l(t/n) n converges uniformly on compact subsets of R to the curve 
expg(t(x + y)), it suffices to show that the corresponding sequence of (left) logarithmic 
derivatives <5(7„) converges uniformly on compact subsets to the constant curve x + y . 

From the product rule 5(a(3) = <5(/3) + Ad(f3)~ 1 S(a) it follows that 

= -S(7) t/n + Adm/n))- 1 ^)^ + ■■■ + Adm/n)r n+1 -S(%/ n 
n n n 



1 n—l 

-(^Ad(7(t/n))-^(7)t/„ 



3=0 

The adjoint action of G on its Lie algebra q factors through an action Ad: G — > Aut(g), so 
that 



1 n—l 

5 (7«) = -(E^W*/«))-^(7)t/„ 



We also obtain from the product rule that 

S(% = V + Ad(expg(ty))" 1 J = y + Ad(exp G (-ty))x, 

so that 

*(7)t/n ->• ^ + 2/ = 2 

holds uniformly on compact intervals of KL 

As 7n(i) — >• exp G (fz) uniformly on compact intervals in K, we obtain as in the proof of 
Proposition I3.14I that 

n — l n — 1 



lim i(^Ad( 7 (Vn))- i 5(7)t/ n ) = 1™ - (V Ad (7 (i/n))-- 

n— foo 77, \ * — • ' / n— ^00 71 \ ^ — » 

3=0 j=0 

1 n_ ^ t 1 n_ ^ 

= lim — ( N Adfexp — fi m — I / z) =z. 

This means that <5(7n) — ► z in the space C(K, g). Since G is C°-regular, this implies that 

7„ = Evolg((5(7 n )) -> Evol G (z), 
which is the Trotter-Formula. □ 
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Theorem 3.16. (Glockner; |G112bj ; see [OMYK82] for the compact case) For every finite- 
dimensional smooth manifold M , the group Diff c (M) of compactly supported diffeomorphisms 
is C° -regular. 

Combining Glockner's theorem with Corollary 13. 121 and Theorem 13. 151 we obtain: 

Corollary 3.17. Every central extension of a diffeomorphism group Diff(Af) of a compact 
smooth manifold by a finite- dimensional center has the Trotter property. In particular, the 
Virasoro group Vir has the Trotter property. 



4 C fc -vectors 

In this section, G denotes a Lie group with a smooth exponential function 

exp G : L(G) = —> G. 

Definition 4.1. Let (tt, V) be a representation of the Lie group G (with a smooth exponential 
function) on the locally convex space V. 

(a) We say that tt is continuous if the action of G on V defined by (g, v) i— > ir(g)v is 
continuous. 

(b) An element v £ V is a C fe -vector, k £ NoU{oo}, if the orbit map n v : G —> V, g ir(g)v 
is a C^-map. We write V k := V k (ir) for the linear subspace of C fc -vectors and we say that 
the representation ir is smooth if the space V°° of smooth vectors is dense. A vector v £ V 
is called an analytic vector if the orbit map tt v is analytic. The space of analytic vectors is 
denoted by V" . 

(c) For each x £ 0, we write 

T> x := |w £ V: — ^ 7r(exp G ta)v exists | 
for the domain of the infinitesimal generator 

7r(exp G (te))u 



— / ^ d 
d.Tr(x)v := — 

v ; dt 



of the one-parameter group 7r(exp G (te)), D 1 :— f s \ xeB T> x and uj v (x) := dir(x)v for v £ T> . 
Each T> x and therefore also T> 1 are linear subspaces of V, but at this point we do not know 
whether ui v is linear (cf. [NelOl Thm. 8.2] for a positive answer for Banach-Lie groups), 
(d) We define inductively 

V n := {v £ V : (Vx £ Q)dTT(x)v £ V n ~ 1 } for n > 1, 

so that 

u)"(xi,...,x n ) := d7r(xi) • ■ -dlr(x n )v 
is defined for v £ T> n and x\, . . . , x„ £ g. We further put 2?°° := HneN ^ '■ 
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Remark 4.2. (a) For every representation (ir, V) we have 

V 1 (w) C V 1 and F fc (7r) C V k for fc G N. 

Note that oj k is continuous and k- linear for every v E V k (ir). 

(b) By definition, we have T> 2 CD 1 , so that we obtain by induction that T> n+1 C T> n for 
every n£N. 

(c) If v 6 V^ fc (7r) then from the continuity of the action G x V — > V it follows that the 
map G x g fc — > V , (5, xj., . . . , Xk) i-> 7r(g)d7r(xi) • • • d.7r(xfc)i> is continuous. 

The following lemma f |Ne!Q[ Lemma 3.3]) provides a criterion for C 1 -vectors. 

Lemma 4.3. Suppose that (ir,V) is a continuous representation of the Lie group G on V. 
Then a vector v G 2? is a ^-vector if and only if the following two conditions are satisfied: 

(i) For every smooth curve 7 : [— s, e] — > G, e > 0, with 7(0) = 1 and "f'(0) = x, the derivative 

■§^\t=o^{l{t))v exists and equals d.7r(x)w. 

(ii) ui v : Q — > V, x 1— > &tt(x)v is continuous. 

If G is locally exponential, then (i) follows from (ii) . 

Definition 4.4. A Lie group G is called locally m- exponential if there exist closed subspaces 
0i, ■ • ■ , 0m ^ = L(G) such that = 0i © • • • © m is a topological direct sum and the map 

M: — > G, M{x\ + • • • + x m ) :— expa;i • • • expx m 

is a local diffeomorphism in a neighborhood of (0, . . . , 0). 

The following lemma extends the implication (ii) (i) of Lemma 14.31 to the larger class 
of locally m-exponential groups. 

Lemma 4.5. Suppose that (tt, V) is a continuous representation of the locally m-exponential 
Lie group G on V . Let v G T> be such that uj v : g — > V, x > dir(x)v is continuous and linear. 
Then, for every smooth curve 7: [—£,£] — >■ G with 7(0) = 1 and "f'(0) = x, the derivative 
■^\t=o^init))v exists and equals 6j:(x)v. In particular, v is a C 1 -vector. 

Proof. Assume that G is locally m-exponential. Any smooth curve 7 with 7(0) = 1 and 
7'(0) = x can be written for sufficiently small values of t G IR as exp G (77i(t)) • • • exp G (?7 m (r)) 
with smooth curves r\j : [— e,e] q satisfying 77^- (0) = and J2j Vji®) = x - From the proof 
of |NelO| Lem. 3.3] we know that for every smooth curve 77 : [— e, e] — > g satisfying 77(0) = 
we have 

7r(exp G rj(s))v = w„(r/(0)). 



ds 



s=0 



For two smooth curves 7j : [— e, e] — > G with 7j(0) = 1 we have 

7r(7i(i)72(i))u - v = 7r(7i(t))(7r(7 2 (t))u - v) + (^(71(^)1; - v), 
and since G acts continuously on V, we obtain 



d_ 

dt 



t n 7r (7iW72(0)« = 4 
t=o at 



t n 7r (7i(*)> + 4 
t=o dt 
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By induction this leads to 



d_ 

dt 



3=1 J = 1 3 =1 



As an immediate consequence of Theorem 12. 7[ we obtain: 

Theorem 4.6. Let (-7T, V) be a continuous representation of the Lie group G with the Trotter 
property on the locally convex space V . Then, for each v G T>, the map 

U) v : 8 — > V, tin dn(x)v 

is linear. 

Proof. For x G g and the continuous orbit map tt v : G — > V ,TT v (g) := ^{g)v we have 
D^tt" = 7 r d ' 7r ( x ) !, ) which exists and is continuous for x <E g and v € T>. Hence the assertion 
follows from Theorem 12.71 □ 

Lemma 4.7. f |Nel01 Lemma 3.4]) If G is locally exponential, then a vector v € V is a 
C -vector if and only if v € T> k and the maps u>%, n < k, are continuous and n-linear. In 
particular, v is a smooth vector if and only if v € T>°° and all the maps w™ are continuous 
and n-linear. 

Lemma 4.8. Let Vq, Vl, . . . , V n be topological vector spaces and 

lj : Vi x • • • x V n -> Vo 
be an n-linear map. If lu is continuous in some point (v®, . . . , v„), then u> is continuous. 
Proof. For n = 1 this is obvious. If n > 1 then we can write 

,«« - «°) = ...,<) ± ••• + (-1)M«1> • • ■ , V° n ). 

Each of the summands on the right hand side is a function of (v\, . . . , v n ). Continuity of u> at 
(v®, . . . , v°) implies that all of these summands are continuous at (v®, . . . , We conclude 
that uj is continuous at (0, . . . , 0), and it is well-known that this implies the continuity of lj. 

□ 

Lemma 4.9. Let (tt, V) be a continuous representation of the Frechet-Lie group G with the 
Trotter property on the metrizable locally convex space V . Then, for each v £ T> n , the map 

'■ 0" V", (xi, . . . ,x n ) ^ d7r(xi)d7r(iE2) • • • dir(x n )v 
is continuous and n-linear. 



Proof. Theorem 14.61 implies that is n- linear. We argue by induction on n £ No that it is 
continuous. For n = this is trivial. Now we assume n > and that a;™" 1 : g" -1 — > V is a 
continuous (n — l)-linear map for every w G T> n . 
Hence, for t > 0, the maps F t : Q n — > V, defined by 



F 



(xi,x 2 ,...,x n ) := -(Tr(exp G (txi))w™ 1 {x 2 , ■ . . , x n ) - 1 (x 2l ■ ■ ■ ,x n ) ^ 
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are continuous and satisfy 



lim Fi(x!,x 2 , ■ . ■ ,x n ) =u^(xi,...,x n ). 

n—>oc n 

Since V is metrizable and g" is a Baire space, it follows from |Bou74[ Ch. IX, §5, Ex. 22(a)] 
that the set of discontinuity points of ui" is of the first category, hence not all of g™. We 
conclude that there exists a point in which w™ is continuous, so that its continuity follows 
from Lemma T4. 81 □ 

Theorem 4.10. Let (it, V) be a continuous representation of the locally exponential Frechet- 
Lie group G on the metrizable locally convex space V. Then V k coincides with the space of 
C k -vectors for any k G N U {oo}. 

Proof. It only remains to combine Lemma 14.71 with Lemma 14.91 □ 

Remark 4.11. The preceding theorem generalizes the corresponding Banach results from 
[NelOj considerably with substantially simpler proofs. 



5 Different iable vectors for unitary representations 

The main goal of this section is to prove Theorem 15.31 which, for unitary representations, 
extends Theorem 14. 101 to groups with the Trotter property. 

In this section G is a Lie group with a smooth exponential function. We shall see in 
this section, that we can weaken the assumption of local exponentiality in Theorem 14.101 for 
unitary representations. 

Definition 5.1. Let (ir,H) be a unitary representation of the Lie group G. We say that tt 
is: 

(i) differ entiable if the space H 1 of C 1 -vectors is dense in H. 

(ii) smooth if the space H°° of smooth vectors is dense in W. 

(iii) analytic if the space of analytic vectors is dense in T-L. 

The following lemma supplements the general Lemma [4.3l It implies in particular, that for 
unitary representations with a dense space of (^-vectors, the (^-vectors can be characterized 
in terms of one-parameter groups. 

Lemma 5.2. Let (7r, be a differentiable unitary representation of the Lie group G. If 
v G D 1 is such that the map lu v : q — > W, x i— > dir(x)v is continuous, then v G "H 1 . 

Proof. Let 7: [— e,e] — > G be a smooth curve with 7(0) = 1 and 7'(0) = x, and 

£ : [-£,£] -> g , m := d£ 7(i) - 1 ( 7 (t))( 7 '(t)) 
be its left logarithmic derivative. For w G H 1 we then obtain the relation 

^^( 7 (t)- 1 ) W = -^(t)) 7 r( 7 (i)- 1 ) W 
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and hence 



-<7r( 7 (t))v,w) = -(« ) d7r(^(t))7r(7(t)- 1 )i ( ;) = (7r(7(t))d7r(£(t))«,u>>. (13) 

Set a(t) := 7r(7(t))v and a^(t) := (a(t),w). The curve /3(t) := 7r(7(£))d7r(£(t))u is also 
continuous because uj v is continuous, and the action of G on H defined by tt is continuous. 
By (fT3|) . for each w € the function a w is diffcrcntiable and a' w (t) — f3 w (t) := ((3(t),w). 
Since f3 w is continuous, it follows that 

(/ p(T)d,T,w)=[ /3 w (T)dT = a w (t)-a w (Q) = (a(t)-a(Q),w). 
Jo Jo 

Since Ti 1 is assumed to be dense in we obtain a(t) = a(0) + f Q (3(t) dr. Now the continuity 
of (3 shows that a is C 1 with a'(0) = (3(0) — dir(x)v. Finally Lemma T4.3I shows that v is a 
C 1 -vector. □ 

Recall that TL n denotes the space of C n -vectors of (%,'H). 

Theorem 5.3. Let (tt,H) be a differ entiable unitary representation of the Frechet-Lie group 
G with the Trotter property. Then T>" = "H™ for every n £ N U {oo}. 

Proof. Let neN and v E T> n . By Lemma T4.91 the map 

w": fl™ -> H, (xi, . . ., x„) i ^ d7r(xi) • • • dn(x n )v 

is continuous and n-linear. For n = 1, Lemma 15.21 implies that v is a (^-vector. For n > 1, 
the inductive argument for the proof of [NelOi Lem. 3.4] works without change. For the 
reader's convenience we give the details. 

Let n > 1 and v e 2?™. Recall that tt v : G TL denotes the orbit map of v, that is, 
ir v (g) := ir(g)v. Since v € I? 1 = "H 1 , by induction hypothesis the map 

T(^) : T(G) ~ G x g -> H , ( 5) as) -> T(^)( 3 , i) 

is well defined. It remains to prove that the latter map is C n . Lemma 14.31 implies that 
T(ir v )(g, x) — 7r(g)d7r(x)u = ir w (g) where w := dir(x)v € I?™ -1 . By induction hypothesis, 
w £ Thus, a direct calculation shows that the map T(tt v ) has directional derivatives 

of order j < n — 1 and they are sums of terms of the form Tr(g)ujl(xi, . . . ,Xj)w for j < n — 1. 
From Remark l4~27 c) it follows that T(7r") is a C n_1 map. 

□ 

6 Unitary representations of Lie supergroups 

We now apply Theorem l5.3l to unitary representations of Lie supergroups (G, q). We begin by 
recalling the definition of Lie supergroups and their unitary representations. See jCCTV06] 
and [MNSllj for further details. 

By a locally convex Lie superalgebra we mean a Lie superalgebra q = 0g® Qj over lor C 
with the following two properties. 
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(i) g is a locally convex space and the Lie superbracket is continuous. 

(ii) g = 0g © gy is a topological direct sum, i.e., the involution a: g — > g defined by 
a(xo + xi) = xo — x\ for xo £ Qq and x\ £ g- is continuous. 

The parity of a homogeneous element x £ g is denoted by p(x) £ {0, 1}. 

Definition 6.1. A Lie supergroup is an ordered pair (G,g) with the following properties. 

(i) G is a Lie group, modeled on a locally convex space. 

(ii) g is a locally convex Lie superalgebra over R. 

(iii) q-q = L(G) is the Lie algebra of G. 

(iv) There exists a homomorphism Ad : G —> Aut(g) defining a smooth action G x g — >• g 
by even automorphisms of g. For every x £ Qq and y £ g, we have d Adj,(l)(a;) = [x, y] 
where Ad y : G — > g is defined by Ad y (g) := Ad(g)y. 

We refer to the homomorphism Ad : G — > Aut(g) of Definition 16. lf iv) as the adjoint action 
of G on g. If G is an analytic Lie group and the adjoint action of G on g defines an analytic 
map G x g — > g, then we call the Lie supergroup (G,g) analytic. 

Definition 6.2. Let (G,g) be a Lie supergroup. A smooth unitary representation of (G, g) 
is a triple (7r, p'"', satisfying the following properties. 

(SRI) (tt, W) is a smooth unitary representation of G on the Z2-graded Hilbert space T-L such 
that, for every g € G, the operator 7r((?) preserves the Z2-grading. 

(SR2) For B := p 71 ^ : g — > Endc(£>) is a representation of the Lie superalgebra g. 

(SR3) p n (x) — d7r(x)| g for every x £ Qq. 

(SR4) e~~ p K {x) is a symmetric operator for every x £ gy, i.e., —ip^^x) C p^(x)*. 

(SR5) Every element of the component group G/G° has a coset representative g £ G such 
that Tr{g)p K {x)ir(g)^ 1 — p* (Ad(g)x) for every x £ gy. 

If (G, g) is an analytic Lie supergroup, then an analytic unitary representation of (G, g) is 
a triple (jr, p* , %), where (tt,'H) is an analytic unitary representation of G on the Z2-graded 
Hilbert space % such that, for every g £ G, the operator n(g) preserves the Z2-grading and 
the other conditions above hold for B := H u . 

Remark 6.3. If G is connected, then obviously (SR5) holds trivially. This point is the main 
difference between Definition 16.21 above and the definition given in [CCTV061 Def. 2] for 
finite-dimensional Lie groups, where it is assumed that 

n(g)p 7r (x)n(g)^ 1 = p K (Ad(g)x) for every x £ gy and every g £ G, (14) 

while the infinitesimal action is supposed to satisfy a weaker condition. Indeed Proposi- 
tion 16.131 below implies that for a (possibly disconnected) G equation (|T4l) follows from 
Definition IQl 
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We will need a slightly more general notion than smooth and analytic unitary represen- 
tations, which we introduce in the next definition (sec MNS11, Def. 4.2]). 

Definition 6.4. Let (G, g) be a Lie supergroup. A pre-representation of (G, g) is a 4-tuple 
( 7r, H, B, p ) which satisfies the following properties. 

(PR1) (ir,W) is a smooth unitary representation of G on the Z2-graded Hilbert space % = 
Hq © Wj. Moreover, n(g) is an even operator for every g € G. 

(PR2) S is a dense Z2-graded subspace of % contained in V 1 :— P| 2 , e£| _2?(d7r(a;)). 
(PR3) /:g4 Endc(S) is a representation of the Lie superalgebra g. 
(PR4) If x E 0g then p (x) = d.7r(x)| ;3 and p B {x) is essentially skew-adjoint. 
(PR5) If x E fly then e"Tp B (i) is a symmetric operator, i.e., —ip B (x) C /? 8 (:r)*. 

(PR6) For every element of the component group G/G°, there exists a coset representative 
g E G such that ir(g)~ 1 B C i5 and 

Tr(g)p (x)Tr(g)^ 1 = p B (Ad(g)x) for every a; S gy. 
In the following we write 

V°° := p| V n and £>" := p| £>(d¥(xi) • • • d^(x n )) . 

The set of smooth (resp., analytic) vectors of the unitary representation (ir, H) is denoted by 
U°° (resp., H u ). 

Remark 6.5. (i) Observe that in (PR3) there are no continuity assumptions on the map p B . 

(ii) (PR2/3) imply that B C 2?°° . In addition, Theorem 15.31 asserts that, if G is a 
Frechet-Lie group with the Trotter property, then T-L°° — T)°° , so that we obtain B C 

The following lemma is stated in |MNS11[ Lemma 4.4] for Banach-Lie supergroups, but 
is remains true with the same proof in the general context. 

Lemma 6.6. Let (G,g) be a Lie supergroup and p B ) be a pre-representation of 

(G,g). Then the following assertions hold. 

(i) For every x E g-^, we have p B {x) — 6lt:{x). In particular T>°° C T) 1 C T>{p B {x)). 

2 

(ii) For every x E gj, the operator p B [x) is essentially self-adjoint and p B (x) = 
\6jt([x,x\). In particular V°° CV 1 C V(p B (x)). 

Definition 6.7. Let (ir,H, B, p B ) be a pre-representation of a Lie supergroup (G, g). For 
every x = x-^ + x- E g c we define a linear operator p e (x) on T-L with T)(p B (x)) — T>°° as 
follows. If x-q — a-Q + ibg and Xj = aj+ ibj, where <2p, b^ E g$ and ay, bj E fly, then we put 

p B (x)v = p B {a^)v + iffiQ^jv + p B (a-)v + ip B ^bj)v for vEV°°. 
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The following auxiliary lemma is jMNSlll Lemma 2.5]. 

Lemma 6.8. Let Pi and P 2 be two symmetric operators on a complex Hilbert space W such 
that T>{P\) = T>(P 2 ). Let J£ C T>{P\) be a dense linear subspace ofH such that P\\c^ = Pi 
Assume that the latter operator is essentially self-adjoint. Then Pi = P 2 . 

Proposition 6.9. Let (G,g) be a Lie supergroup and (tt, H, B, p B ^j be a pre-representation 
of(G,g). Then the following assertions hold. 

(i) p 8 ^)!? 00 C X>°° for every x £ g c . 

(ii) The map p . q c — > End(2?°°) is a homomorphism of Lie superalgebras, i.e., it is linear, 

and, if x,y € g are homogeneous, then 

p B {[x,y]) = p B {x)p B {y) - {-lf^^p B {y)p B {x). 

(iii) For each v £ T-L°° , the map uj v : q — > H, x 1— > p B (x)v is linear and continuous. 

Proof, (i) By Lemma I6.6f i) and the definition of p B it suffices to prove the statement when 
x £ Qj. Therefore it is enough to prove that 

p B (x)v e V n for every x £ g-,v £ V n+1 ,n £ N. (15) 

Let y £ Qq. For every w £ B and v £ T> 2 , using Lemma 16.61 we can write 

(p B (x)v,&K(y)w) = (p B (x)v,p B (y)w) = e^ (v, p B (x)p B {y)w) 

= e^(v,p B (y)p B (x)w + p B ([x,y])w) = (v, p B {y)p B {x)w) + e^ (v, p B {[x, y])w) 
= (p B (x)dlr(y)v,w) + (p B ([x, y])v, w). 

It follows that the complex linear functional 6 -> C,ui 4 (p B (x)v,dTr(y)w) is continuous, 
i.e., p B (x)v £ 2?((d7r(y)| K )*). Since d7r(y)| e = p B (y) is essentially skew-adjoint, from Lemma 
ECUi) it follows that (d7r(y)| B )* = -~dlr(y), i.e., p B (x)v £ V(&ir(y)). This proves dT5j) for 
n = l. 

For n > 1 the proof of (|15[) can be completed by induction. Let x\, . . . ,x n £ and 
v £ T> n+1 . Using the induction hypothesis, for every w £ B we can write 

(d¥(a;„_i) • • • 6^(x 1 )p B (x)v,d^(x n )w) = e (n_ * ),r >, p B {x)p B (x 1 ) ■ ■ ■ p B (x n )w) 
= e^-i^{v, p B ([x, x 1 ])p B (x 2 ) ■ ■ ■ p B {x n )w + p B (x 1 )p B (x)p B (x 2 ) ■ ■ ■ p B (x n )w) 
— (dn(x n ) ■ ■ ■ dir(x2)p B ([x, Xi])v, w) + (dir(x n ) ■ ■ ■ dTr(x2)p B {x)dir(xi)v, w). 

An argument similar to the case n — 1 proves that 

d7r(a;„_i) • • • dn(xi)p B (x)v £ V(dn(xn)). 

Consequently, p B (x)v £ V n . 
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(ii) (cf. [MNS111 Prop. 4.6]) First we show that p B is linear. By Lemma [6.6( 1) and the 
definition of p B , it is enough to prove that, for every v G 2?°°, the map 



fly— X H> p S8 {x)v 

is K-linear. Let i6g- and a G R. Then the equality 



p B (ax)v = ap B (x)v (16) 



holds for every v <E B, and therefore, by Lemma 16781 it also holds for every v G V°° . A similar 
reasoning proves that, if x,y G gy, then, for every v € T>°°, we have 



p B (x + y)v = p B (x)v + p B (y)v. (17) 

It suffices to prove the commutation relation for i,j £ g. Depending on the parities of 
x an y, there are four cases to consider, but the argument for all of them is essentially the 
same. For example, if x G Qq and y G 0y, then we define two operators Pi and P 2 with 
domains V{P X ) = V(P 2 ) = X>°° as follows. For v G X>°° we set 

P\v = e~~p B ([x, y])v and P 2 v — e~~ (^p B (x) p B (y)v — p B {y) p B (x)vj . 

Then Pi and Pi are both symmetric, Pi\ B = -f^jg, and by Lemma l6.6f ii). the operator Pi\ B 
is essentially self-adjoint. Lemma implies that Pi = P 2 . 

(iii) The linearity of u) v follows from (ii). The continuity of u) v on follows from the 
definition of a smooth vector. Therefore it remains to show that Wu|g T is continuous in 0. 
This can be reduced to continuity of uj v on Qq using the estimate 



\\p B (yM = (p B (y)v,P B (y)v)z (18) 
= \{v,Mvfv)\* < ^H^IId^ylHI 1 / 2 , ye QT ,veV 2 

which is a consequence of the Cauchy-Schwarz inequality. □ 

Lemma 6.10. Let (G,fj) be a Frechet-Lie supergroup such that G has the Trotter property. 
Let (7r,H,i3,p ) be a pre-representation of G and v G H°° . For every x G g the map 



Gxflg^H, (g,y)^ p B (x)dTr(y)TT(g)v (19) 

is continuous. 

Proof. Since G has the Trotter property, by Theorem 15.31 and Proposition I6.9f ii) we have 
p B (z)M°° C for every z G or . 

We can assume x is homogeneous. First assume x G 0q. By Remark l4.2f c). the maps 

G x 0q ->• H , (g, xi) i-> vr(g)d7r(a:i)t; 

and 

Gxg„xg f ^'H , (g, Xi,^) ^ 7r(g)d^(xi)d7r(x 2 )?; 
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are continuous. Therefore continuity of (fH)]) follows from 

d7r(x)d.7r(?/)7r((7)u = 7r(<7)d7r(Ad(<7 ^d^Ad^ )y)u 

and smoothness of the map G — > 0q , g i-> Ad (5)2; for every z € 0q. 

Next assume x S 0y. From the preceding argument it follows that the maps 

G x 0o -> % , (g, xi) 1 ^ d7r([x, x])d^(xi)7r( 5 )t; (20) 

and 

G x go ->• "H , (5, xi) i-> d7r(xi)7r(3)« (21) 
are continuous. From (1181) it follows that 



\\p B {x)(dTT(y 1 )'K(g 1 )v - dn(y 2 )-ir{g 2 )v) II 

< ^I|d7r(yi)7i'(5 , i) w - d7r(2/2)7r(.92)w)||^ ■ ||d7r([x, x])(dn{yx)ir{g\)v - &K(y2)^(gi)v)\\ ' 

for , g 2 € G and 2/1,2/2 € 0o- Consequently, continuity of (|19p follows from continuity of 
d20D and (EU. □ 

Remark 6.11. Let s > and a : (—e,e) —> G be a smooth curve. The right logarithmic 
derivative of a is the smooth curve 5(a) : (— e, s) — > q defined by 

5(a), := d£ Q ( s )-i (a(s))(a'(s)) 

where g g : G — > G is the right multiplication by g G G. The product rule for <5 is given by 

5(ap) s = 5(a) s + Ad(a(s))6(p) s . 

If (tTjH) is a unitary representation of G and v € T-L°° then 7r(a(s))i> € and therefore 

lim — (ir(a(s + h))v — ir(a(s))v) 

= lim — (n(a(s + ft,)a(s) _1 )7r(a(s))'(; — 7r(a(s))t>) = dir(5(a) s )ir(a(s))v. 

h-tO II 

Similarly, we obtain with the left logarithmic derivative 5(a): 

lim — (ir(a(s + h))v — ir(a(s))v) 

— ir(a(s)) lim — (ir(a(s)~ 1 a(s + h))v — v) — ir(s)dir(5(a) s )v. 

Our next goal is to prove Proposition 16. 13l below. The proof of this proposition is based 
on a variation of a subtle lemma from }JM84[ Chap. 3] (see |Mell] and [MNS11] as well). 
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Lemma 6.12. Let (ir,H) be a smooth unitary representation of a Lie group G. Let B be a 
closable operator on H such that H°° C T>(B) and BH°° C Ti°° . Let a : {—e,e) — > G be a 
smooth curve. Let v g H°° and set 

7] : (— e, e) —> H , 7](s) := Bn(a(s))v. 

Assume that the map 

f3 : (-£,£) H , f3(s) := B&7c(S{a) s )Tr(a(s))v 

is continuous. Then rj is differentiable and ^ _7 ?( s ) = P( s ) f or every s £ (— e, e). 

Proof. Set 7(5) :— n(a(s))v. Since v is a smooth vector and a a smooth curve, 7 is also 
smooth. Remark [6.111 implies that 7'(s) = dn(5(a) s )Tr(a(s))v, and therefore 

n(a(s))v - Tr(a(0))v = j(s) - 7(0) = ( (&ir(5(a) s )ir(a(s))v)dt. (22) 

JQ 

Let Hb denote the completion of H°° with respect to the norm ||ui||b := ||w|| + 
Then is a Banach space and B : Hb —t H is a continuous linear map. Continuity of /3 
implies that the map 7' : (— e, e) —> Hb is continuous, and therefore (|22|) holds in "Hb. Since 
B : H — > Hb is linear and continuous, we have 

r)(s) - 77(0) = Bir(a(s))v - Bn{a{ti))v = B(j(s) - 7(0)) = J (Bfa(6(a) a )Tr(a{s))v) dt. 

The last equality immediately implies that —n(s) = (3(s) for every s € (— e,e). □ 

ds 

Proposition 6.13. Let (G, q) be a Frechet-Lie supergroup. Assume that G is connected and 
has the Trotter property. Let (n, H, B, p K ) be a pre-representation of(G,g). Then for every 
g € G, every x € and every v e H°° we have 

i,{g)^{x)^g)- l v = p B (Ad(g)x)v. (23) 

Proof. By Theorem 15.31 and Proposition I6.9[ ii) we have p (z)H°° C H°° for every z e g c . 
Let a : R — s- G be a smooth curve such that a(0) = 1 and a(l) = g. Set A(s) := n(ga(s)^ 1 ) 
and 7(s) := Ad(a(s))x for sel. For w G H°° and s € M define 

K{s) '.Qj^H, K(s)x = A{s)p B (x)A(s)- 1 v. 

The left hand side of (|2"3")l is equal to if (0)7(0) and the right hand side of (f2"3")l is equal to 
K (1)^(1). Therefore it suffices to prove that the map s 1— > K(s)'y(s) is constant. To this end, 
we will prove that it is differentiable and that its derivative is identically zero. 

By Proposition I6.9f iiih for every t G K, the linear map K (t) is continuous. From 
Lemma IB.lOl we derive that for every y e Qj, the curve 

M->H,s4 p B (y)d^(S(a) s )A(s)- 1 v 
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is continuous. It follows from Lemma l6.6f ii) and Lemma 16.121 that the curve 
riy : R ^ H , v{s) = p B (y)A{s)- 1 v = p B (y)n(a(s))Tr(g)- 1 v 

is differentiable, and rjf y {s) = p B {y)d^{8{a) s )A{s)- 1 v = p B {y)p B {8{a) s )A(s)- 1 v. 

Next we show that, for every y g £, the map K v : K — > "H,s M> K(s)y is differentiable 
and we compute its derivative. Observe that 

WOO = ^(*)»7y(«)) = Hm + ftK( S + ft) - A( S )^( S )) 

and 

-(A(s + ft)%(s + ft) - A(s)%(s)) 

= A(« + ft)(^(%(s + ft) - %(«))) + + ft) % (s) - A(s)%(s)). (24) 

Since the map K x % — > "H, (s, u) h- > j4(s)i> is continuous, when ft — > we obtain 

A( s + ft)(i( % ( s + ft) - % ( S ))) -> A( S )r?;( S ). 

Since ^(s) € H 00 , from Remark 16.111 and the relation S(a~ 1 ) s — —5(a) s it follows that, as 
ft 0, the second term in ([24]) converges to 

-A( s )^(a) s ) % ( S ) = -^^(a).)^)^*)- 1 *. 

By Proposition I6.9f ii) we conclude that 

(i^)Ts)=A(,s)^( S )-A( S )p^ (25) 

Finally we prove that 4-{K (s) 7 (s)) = for every set. We have 

\{K{s + ft) 7 (s + ft) - K{s)j(s)) 

= K(s + ft) Q- ( 7 ( a + ft) - 7 (s))) + i + ft) 7 (s) - K(s) 7 (s)). (26) 

The first term in ([26)) can be written as 

#(s + ft)(~( 7 (s + ft)- 7 (s)) - 7 '(s)) + K(s + ft) 7 '(s). 

Differentiability of the map -fT 5 ' implies that it is continuous. Thus, if 7 is a compact interval 
containing s, then sup t6J ||X(t)y|| < oo. Since q is Frechet, the Banach-Steinhaus Theorem 
implies that (K(t))t£i is equicontinuous. Since 7 '(s) = [5(a) s , Ad(a(s))x], it follows that, 
for ft — > 0, the first term in (|2"o]) converges to 

K(s) 7 '(s) - A(s)p B ([S(a) s , AdiaisM^s)-^ = A( s )p s ([£(a) s , 7 ( S )])A( S )-V 

By (|25|) . the second term in ([26]) converges to 

^( S )[p e ( 7 ( S )), p s (J(a) s )]A( s )- 1 u = A( s )p s ([ 7 ( s ), ^a).])^)" 1 *;. 

We conclude that ^(JT(s) 7 (s)) = 0. □ 
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We can now prove the following theorem, which asserts that every pre-representation of 
a Lie supergroup corresponds to a unique unitary representation. 

Theorem 6.14. (Stability Theorem) Let (ir,H,B,p B ) be a pre-representation of the 
Frechet-Lie supergroup (G, g) and assume that G has the Trotter property. 

(a) There exists a unique linear map 

p* : g -> End c (H°°) 

such that p*(x)\ B = p B {x) and (tt,p 7T ,'H) is a smooth unitary representation of (G,q). 

(b) If the representation (jr, H) of G is analytic, then there exists a unique map 

p* : q -> End c (?r) 

such that p v (x)\ B = p (x) and (tv,p v ,H) is an analytic unitary representation of (G,g). 

Proof. First we recall from Theorem 15.31 that the Trotter property of G and the smoothness 
of the representation imply that T>°° = H 00 . 

(a) To prove the existence of p 7r , we set p K {x) = p B (x) for every x € g. Proposition 
16.91 implies that p B {x) £ Endc("H°°) and p B is a representation of the Lie superalgebra g. 
To prove the conjugacy invariance relation of (SR5), for every element of G/G° we take a 
coset representative g € G which satisfies the condition (PR6) and apply Lemma 16.81 with 
Pi = e-^nig^ix^ig)- 1 , P 2 = e-^p B (Ad{g)x), and <£ = &. 

To prove uniqueness, it suffices to show that, if (7r,/3 7r ,'W) is a smooth unitary represen- 
tation such that for every x € g we have p 7r (x)| g = p B {x) then for every x £ g we have 

p*(x)\ noo =p B (x). (27) 

It suffices to prove (|27p when x is homogeneous. If x € gy then by Lemma I6.6f ii) the 
operator e"Tp 8 (i:)| g is essentially self-adjoint. Therefore (l27l) follows from setting Pi = 

e~ 2 Tp 7r (x)\ noo , P2 = e^ I Tp B (x) and J^f = S in Lemma [6.81 The argument for x £ Qq is 
similar. 

(b) The proof of uniqueness is similar to the one given for the smooth case. For the 
existence, it remains to verify that if {~K,p^ ,%) is the smooth representation obtained in (a), 
then p K {y)W J C for every y G gy. Let y € g-, v £ W and w := p B (y)v. We have to 
show that w £ T-L u , and, in view of [Nell| Thm. 5.2], it suffices to verify that the function 

G -> C , (ir(g)w,w) 

is analytic. Note that 

(n(g)w ) w) = (Tr(g)p B (y)v,w) = {p B (Ad{g)y)ir (g)v , w) = -i(n(g)v, p B (Ad(g)y)w) . 



The orbit map of v is analytic, and by Proposition ^. 9r iii) the linear map g — > H, z 1— > p B (z)w 
is continuous. The assertion follows from analyticity of the map G — > g , g <— ¥ Ad(<?)y. □ 

Acknowledgments We thank D. Beltita and H. Glockner for various remarks on earlier 
versions of this paper. 
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A Some results on Lie groups of maps 



The results of this appendix will be used in Appendix [Bj Let £ be a locally convex space, 
M be a smooth finite dimensional manifold (possibly with boundary) and K be a, Lie group 
(possibly infinite dimensional) with Lie algebra t. In the following we write Q^(M, E) for 
the space of -E-valued 1-forms on M defining C'-functions TM — > E. The space of E'-valued 
smooth forms will be denoted by 51 1 (M, E). 

We endow fl^ r (M, E) with the topology induced by the embedding 

Q l Cr (M,E) -~>C r {TM,E), 

where TM is the tangent bundle and C r (TM,E) is endowed with the compact open C r - 
topology, so that Q}. r (M,E) is a closed subspace of C r (TM, E). The space Q 1 {M,E) is 
endowed with the topology induced by the diagonal embedding 

oo 
r=l 

Lemma A.l. Let M be a compact smooth manifold (possibly with boundary) and K a Lie 
group with Lie algebra £. Then, for each r € No U {oo}, the action of the Lie group C r (M, K) 
on Q(, T (M, t) by (g,a) i— > Ad(g)a is smooth. 

Proof. Assume that d = dimM. Every covering (£/j)jg/ of M by compact submanifolds with 
boundary, which are diffeomorphic to d-dimensional balls and whose interiors define an atlas, 
yields an embedding 

iei iei 

Therefore it suffices to show that the action of C r (M, K) on each space C r (Ui, t), given by 

(g, f) .->• Ad(g)f = a Ad o (g, f) 

is smooth. This action factors through the Lie group morphisms 

C r (M,K)^C r (Ui,K), 

and for the Lie groups G := C r (Ui,K), it coincides with the adjoint action on L(G) = 
C r (Ui,t), which is smooth. This proves the lemma. □ 

Lemma A.2. ( \GN1^ ) Let Ei and E 2 be locally convex spaces, XJ\ C E\ open, M a compact 
smooth manifold (possibly with boundary), and ip: U% — > Ei be a smooth map. Then, for each 
r € N U {oo}, the map 

^:C r (M,U 1 )~>C r (M,E 2 ), f^^of 

is smooth. 
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Lemma A. 3. Let U be an open subset of a locally convex space E, F a locally convex space, 
M a compact manifold (possibly with boundary), rgNU {oo}> and a G Cl (U,F). Then the 
map 

C r (M, U) -> (M, F), f H> f*a 

is smooth if C r (M,U) is considered as an open subset ofC r (M,E). 

Proof. Let it : TM — > M denote the bundle projection. Then both components of the map 
C r {M,U) -> C r - 1 {TM 1 TU)^C r - 1 {TM,U)-xC r - 1 {TM,E) 1 

f -> T/=(/07T,d/) 

are restrictions of continuous linear maps, hence smooth. Since f*a — a o 2 1 /, smoothness 
of a and Lemma IA.2I imply that 

a*: C r - 1 (TM,Tf7')^C T '- 1 (rM ) F), h^aoh 

is smooth, from which the assertion follows (recall that we topologize Vt 1 ( , T _ 1 (M, F) as a closed 
subspaceofC r - 1 (TM,F)). ' □ 

Proposition A. 4. For any Lie group K with Lie algebra t, any compact manifold M (pos- 
sibly with boundary) and any r G NU {oo} ; the left logarithmic derivative 

5: C r (M,K) -> nlr-i(M,i) 

is a smooth map with respect to the Lie group structure on C r (M, K), and 

T x (5)=&:C r {M,t)^n l cr - l {M,t), £H->d£. (28) 

Proof. From Lemma fA. 11 we already know that the action of the Lie group G := C r (M,K) 
onfi£ r (M,«) by f-a := Ad(/) a is smooth. Since the inclusion map C r (M, K ) -+C r - l (M,K) 
is a smooth morphism of Lie groups, the action of G on on Q^ r -i (M, 6) is also smooth. 

The product rule 8{rpf) = S(j) + Ad (7)^ 6 (ry) means that S is a right crossed homomor- 
phism for the smooth action of C r (M,K) on f2^ r ._ 1 (M, t). It therefore suffices to verify its 
smoothness in a neighborhood of the identity. 

Let (<Pk,Uk) be a chart of an identity neighborhood of K with 2\ = id{, so that 
(Vg, ^g) with 

C/ G := [M, U K \ := {7 G G: 7 (M) C J7a}, ^(7) := o 7 

is a chart of an identity neighborhood of the Lie group G. If kk G £l l {K, I) denotes the left 
Maurer-Cartan form of K, then we have a map 

C r {M,(p K (UK)) — > ficr-i(M, t), 

whose smoothness follows from Lemma fA. 31 

Set {3 := (</?^- 1 )*ka- Then /3 = idg and (f2"g)) follows from the fact that for every m G M 
and v G T m (M), we have 

/3t£(m) (*d£(m)«) = Um^( m )d4(m)u = /3 d£(m)t; = d£(m)u. □ 
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B C fc -regularity is an extension property 

In this appendix we generalize the result that regularity of Lie groups is an extension property 
to the stronger notion of C fe -regularity for k € No- 

Throughout this section I := [0,1]. If 7 : (— e,e) — > G is a C 1 curve, then the left 
logarithmic derivative 15(7) : (—e,e) — > is defined by 

<J( 7 )t :=d£ 7(t) - 1 ( 7 (i))7'W 
where £ g : G —> G denotes the left translation t g (x) :— gx. 

Definition B.l. Let k £ No U {00}. A Lie group G with Lie algebra g is called C k -regular, 
if for each £ £ C k (I,g), the initial value problem 

7(0) = 1, <5( 7 )=£ (29) 

has a solution 7^, which is then contained in C k+1 (I, G), and the corresponding evolution 
map 

evol G :C fe (/, )->G, £ ^ 7c (l) 

is smooth. The solutions of (|29[) are unique whenever they exist (cf. |Ne06j ) . If G is C k - 
regular, we write 

Vvol G :C k (L,g)^C k+1 (L,G), £^ 7? 

for the corresponding map on the level of Lie group- valued curves. This map is also smooth 
(cf. [G112a[ Thm. A]). The group G is called regular if it is C°°-regular. 

Remark B.2. (a) Any regular Lie group G has a smooth exponential function 

exp G : g -> G by exp G (a;) := j x (l), 

where x € is considered as a constant function I — > q. As a restriction of the smooth func- 
tion evolc to the topological subspace g C C°°(L,g) of constant functions, the exponential 
function is smooth. 

(b) For k < r, the C fc -regularity of a Lie group G implies its C r -regularity because the 
inclusion map C r (I,g) —> C (I,g) is continuous linear, hence smooth. 

Lemma B.3. Let G be a Lie group with Lie algebra q. Then the prescription 

£* 7 :=(5(7)+Ad(7)- 1 £ 

defines a smooth affine right action of the group C k+1 (I,G) on C k (I,g). 

Proof. That we have an action follows from 

(£ * 7i) * 72 = 5(72) + Ad(7 2 ) _1 ((5(7i) + Ad(7i) -1 £) = $(7172) + Ad(7i7 2 ) _1 £ = £ * (7172)- 

Since 7 is a compact manifold with boundary, the smoothness of the action follows from 
the smoothness of S (see Proposition lA.4|) and Lemma lA.ll fnote that we can identify ficfc (I> fl) 
with C k (7,g)). □ 
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Remark B.4. If £ = S(n) for some smooth function h: M — > G, then the Product Rule im- 
plies that S(ru) — £ * 7, so that the action from above corresponds to the right multiplication 
action on the level of group- valued functions. 

Lemma B.5. (Local regularity criterion) Let G be a Lie group with Lie algebra q and 
k G No U {00}. Suppose that (|29p has a solution for each £ in an open -neighborhood 
U C C (I, q). Then it has a solution for each £ G C k (I,g). If the evolution map 

evol G :C k (I,g)^G, £ -> 7c (l) 

is smooth in U, then it is smooth on all ofC k (I,Q). 

Proof. Let £ G C k (I, g). For n € N and % € {0, . . . , n - 1} we define 

CeC fc (/, fl ) by tf( t ) : =If(i±*). 

n \ n / 

Then for each m < k we have = ra „!+i ^"^ f^r) ■ We conclude that, for u4co. 

the sequence ^r£™ tends to in C°(I,fj), uniformly in i, and hence that tends to 
in C fc (/,g), uniformly in i. In particular, there exists some N € N for which £^ G [/ for 
i = 0,l,...,iV-l. 

We define a path 7^ : I — > G by 

i i + 1 

7«W == 7c«(l) ' ' ' 7e« , (1)7^ - *) for - < t < 

and observe that <5( 7 ^) exists on all of I and equals £. We now put 

Evol G (£):=7 4 and evol G (£) := 7 ^(1). 

Since, for each i, the assignment £ 1— > ^ is linear and continuous, there exists an open 
neighborhood V of £ such that rjf 1 G E7 holds for each ij £ V and i = 0, 1, . . . , N — 1. It 
suffices to show that evol G is smooth on V, but this follows from the fact that 

evol G (?7) = evol G (?7 Y ) • • • evol G (r?^_ 1 ) 

is a product of N smooth functions. □ 

For the definition of an initial Lie subgroup see |Ne06| Def. II. 6.1]. 

Proposition B.6. Let G be a C k -regular Lie group with Lie algebra g and LI < G an initial 
Lie subgroup with Lie algebra f) C g, for which there exists an open identity neighborhood 
U C G and a smooth function f : U — > E into some locally convex space E, such that f is 
constant on U D gH for each g G U, and H l~l U = / _1 (0) n U. Then H is C k -regular. 

Proof. The C fc -regularity of G implies the existence of a smooth evolution map 

evo\ H :C k (I,i))^G, £ ^ 7f (i), 
and since H is initial, it suffices to see that the range of this map lies in H. 
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If £ <G C k (I, f)) such that im(7j) C U, then for every t € I, 

(/°7«)'(*)=d/(7£(*))7K*)=0 

because 7* (t) = d^ 7? ( t )(l)^(t) is the derivative of a curve in the set U f]j^(t)H, on which / is 
constant. Therefore /°7£ is constant, which leads to ina(7j) C = / _1 (0) = UtlH. 

If £ € C k (I, f)) is arbitrary, we apply the preceding argument to the curves t *-> 7{(to)~ 1 7£(t) 
on sufficiently small intervals [to, to + e \ an d see that im(7j) is contained in H. □ 

Theorem B.7. (C fe -regularity is an extension property) Let q: G — > G be an extension of 
the Lie group G by the Lie group N and k eNq. Then G is C k -regular if and only if N and 
G are C k -regular. 

Proof. Step 1. We assume that G and N are C fc -regular and show that this implies the 
C fe -regularity of G. Since G is C fc -regular, the evolution map 

Evol G :C fe (/,fl)^^ +1 (/,G) 

is smooth }G112a[ Thm A]. 

Let Ug Q G be an open 1-neighborhood for which we have a smooth section a: Uq —> G 
with c(l G ) = lg and 

P :C k (I,2)^C k (I,g), £^ q s o £ 

be the projection map. Then V := p~ x (EvoIq 1 (C k+1 (I , U G ))) is an open O-neighborhood in 
C k (I,Q). Further, by Lemma TA. 2 1 the map 

$: V^C k+1 (I,G), ^aoEvol G (g B oO 

is smooth. For £ e C k (I, g), we find 

9 S « * m- 1 ) = «,( Ad(*(o)(£ - «($(0))) 

- Ad( gG (*(0)) (ft ° £ - «(<te(*(0))) - Ad(g G ($(0))(«/ 9 o £ - g g o £) = 0. 

This means that £* G C k (I,n). Now LemmaES applied to the action of C k+1 (I, G) 

on Vt^ k (I,g) = C k (I,g), shows that it depends smoothly on £. We thus obtain a smooth map 

E: V -> G, %) := evol w (£ * ■ $(0(1)- 

The curve 7 := EvoLv(£ * satisfies 

Therefore E is a smooth local evolution map for G, and Lemma IB. 51 implies that G is C k - 
regular. 

Step 2. Conversely, we show that the C fe -regularity of G implies the C fc -regularity of N 
and G. To see that N is C fc -regular, we choose a chart (<£ G) Ug) of G and consider the map 

f := ip G o q: q _1 (C/ G ) -> (Pg(U G ), 
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which is constant on the left cosets of N, lying in this set. Therefore Proposition IB.6I im- 
plies that N is C fc -regular because it is a submanifold of G, hence in particular an initial 
submanifold. 

To see that G is C fc -regular, we first choose a continuous linear section a: §-)g, which 
induces a continuous linear section 

<j*:C k (I, Q )^C k (I,g), £ ^ <r o £. 

Then, for each £ € C k ([0, the curve 7£ := q o Evolg(<7 o £) satisfies 

so that evolc — q o evolg oa is a composition of smooth maps, hence smooth. □ 
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